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Introduction
Speciation and extinction rates are funda-
mental parameters in macroevolutionary mod-
els and integral to hypothesis testing in
evolutionary biology. Traditionally, the fossil
record was considered the only source of evi-
dence for species origination and extinction in
deep time. Paleontological approaches to esti-
mating speciation and extinction (together,
diversification) rates use stratigraphic range
data, the interval between the first and last
appearance of a taxon in the fossil record
(Raup 1975; Foote 2000; Alroy 2008, 2014).
More recently, methods have been introduced
that enable using phylogenies of extant taxa
calibrated to time to estimate diversification
rates (Nee et al. 1994; Gernhard 2008; Stadler
2009; Morlon et al. 2011), although this
approach has been widely criticized for omit-
ting and contradicting evidence provided by
the fossil record (Rabosky 2010; Quental and
Marshall 2010; Marshall 2017). The incomplete-
ness of the rock and fossil records presents a
major challenge for all existing approaches.
Only a small proportion of past diversity is pre-
served in the rock record and recovered by
paleontologists, and the fossil-sampling pro-
cess is heterogenous over time, across space,
and among lineages (Raup 1972; Foote and
Sepkoski 1999; Smith andMcGowan 2007; Hol-
land 2016). Paleontologists have given
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considerable thought to the impact of gaps in
the fossil record on estimates of diversification
rates, as well as ways to deal with incomplete
observations (Connolly and Miller 2001; Foote
2001, 2003, 2005; Liow and Nichols 2010). Strat-
egies for mitigating the impact of incomplete
sampling often involve filtering the data before
estimating parameters of interest but have the
obvious drawback of reducing the amount of
information actually used to calculate param-
eter values. For instance, taxa that are only
sampled during a single geologic interval (sin-
gletons) are typically eliminated before estimat-
ing diversification rates because their inclusion
has been shown to bias parameter estimates
(Alroy 1996; Foote and Raup 1996; Harper
1996).
Phylogenetic approaches, on the other hand,
make minimal use of available paleontological
evidence, as rates are typically inferred using
the phylogeny of extant taxa only (Harvey
et al. 1994; Nee et al. 1994; Stadler 2009).
Thus, fossil evidence only plays a role in cali-
brating the phylogeny to time. These methods
have also been widely criticized for producing
unreasonably low estimates of extinction
(Quental and Marshall 2010; Marshall 2017).
Although there remains some controversy
about the discrepancies observed between
diversification rates inferred using phylogen-
etic versus fossil data, it is broadly accepted
that phylogenetic birth–death branching pro-
cesses give rise to extinct and extant diversity
(Marshall 2017). Indeed, birth–death models
are the basis of paleontological approaches
used to estimate diversification rates from the
fossil record (Raup 1985; Foote 2000), as well
as important models in analyses of diversifica-
tion using phylogenies of extant species (Nee
et al. 1994).
Promising developments have sought to
combine phylogenetic and paleontological
approaches, taking advantage of more infor-
mation in a mechanistic model-based frame-
work. Silvestro et al. (2014b) introduced a
birth–death modeling framework that can be
applied to estimate diversification rates from
stratigraphic range data. This approach has
several important advantages over previous
paleontological approaches. First, it inherently
considers the underlying phylogenetic tree in
the estimation of diversification rates. Second,
it paves the way for incomplete sampling to
be incorporated explicitly. Here, we emphasize
the distinction between incomplete or discon-
tinuous fossil sampling versus incomplete spe-
cies sampling. Incomplete fossil sampling
allows for the possibility that some taxa may
only be sampled once. Incomplete species sam-
pling, on the other hand, allows for the possibil-
ity that some species may never be sampled. A
Bayesian method for inferring diversification
rates from paleontological data under a birth–
death process has been implemented in the pro-
gram PyRate (Silvestro et al. 2014a) and has
been shown to produce reliable diversification
estimates under a range of scenarios (Silvestro
et al. 2014b, 2019). One potential drawback of
this implementation is that although it incorpo-
rates incomplete fossil sampling, the under-
lying birth–death process model assumes
complete species sampling, that is, that each
species has been sampled at least once. This is
problematic for empirical datasets, many of
which are likely to be extremely incomplete
and therefore exclude a large proportion of
the true species diversity (Foote and Sepkoski
1999; Wagner andMarcot 2013; Soul and Fried-
man 2017).
Another model for combining phylogenetic
and paleontological approaches is the fossi-
lized birth–death (FBD) process (Stadler 2010;
Heath et al. 2014), which explicitly accounts
for speciation, extinction, and fossil recovery,
thus accounting for incomplete fossil and spe-
cies sampling of the fossil record. Moreover,
the FBD model can incorporate extant species
sampling as a distinct process, enabling us to
take advantage of the information provided
by extant diversity. Here, we implement a
new FBD model, which we call the fossilized
birth–death range process (Stadler et al. 2018),
for estimating diversification rates from strati-
graphic range data in the absence of phylogen-
etic information. We focus on the scenario in
which we have stratigraphic ranges for a
given set of species, but no molecular or mor-
phological character data and, therefore, no
information about the phylogenetic relation-
ships among species. Applying the FBD
model to stratigraphic range data allows us to
estimate speciation, extinction, and fossil
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recovery rates, while explicitly accounting for
incomplete species sampling and uncertainty
in the underlying phylogeny.We test the ability
of this model to recover estimates of these para-
meters for the entire tree. We assess the per-
formance of this approach using simulations
and compare our method to tree-wide esti-
mates obtained using three fossil-based alter-
natives, including the boundary-crosser (Foote
2000) and three-timer (Alroy 2008) approaches,
and the phylogenetic birth–death model imple-
mented in PyRate (Silvestro et al. 2014b), which
does not account for incomplete species sam-
pling (Keiding 1975). Our results show that
the FBD model produces reliable estimates of
key parameters (including speciation, extinc-
tion, and fossil recovery) under a range of con-
ditions. We demonstrate the importance of
explicitly accounting for incomplete species
sampling and show the benefits of incorporat-
ing singletons—including extant samples—
which is possible under the mechanistic FBD
phylogenetic framework. The results also high-
light scenarios in which violations of the
assumptions of the sampling model will lead
to unreliable parameter estimates. Thus we
indicate key areas for further model develop-
ment and research.
Methods
Approaches to Estimating Tree-Wide Speci-
ation and Extinction Rates from Fossil
Occurrences
The Fossilized Birth–Death Range Process.—
The FBD range process (illustrated in Fig. 1)
was introduced in Stadler et al. (2018). It begins
with a single lineage at the origin time x0 and
each lineage has an instantaneous speciation
(or branching) rate λ and extinction rate μ,
assuming a budding mode of species origin-
ation. Fossils are sampled along each lineage
with rate ψ and extant species are sampled
with probability ρ. We sample n species, of
which m are extinct and l are extant. The total
number of sampled fossil occurrences is
denoted k. A given species i branches at time
bi in the phylogeny of sampled species
(i.e., the tree in which all lineages leading to
nonsampled species are removed) and goes
extinct at time di. If species i survives to the
present, we set di = 0. The first (or oldest)
appearance of species i is sampled at time oi
and the last (or youngest) appearance at time
yi. The interval between oi and yi represents
the stratigraphic range of species i. If a species
is sampled only once (i.e., the species is a single-
ton), then oi = yi, and if species i is sampled only
once at the present, then oi = yi = di. Figure 1A
shows an example set of sampled species and
how they relate to the true underlying tree.
This is referred to as the “complete tree.”
FIGURE 1. The fossilized birth–death (FBD) range process.
A, The complete FBD tree, including the observed data.
Diamonds represent observed samples of fossils or extant
species. Points labeled oi and yi are the first and last appear-
ances of range i, respectively. B, The extended sampled
stratigraphic ranges, illustrating the information used to
calculate the likelihood. bi and di are the species attachment
and extinction times, respectively. The attachment time bi is
the time at which species i attaches to other lineages in an
incompletely sampled tree, which is not necessarily equiva-
lent to speciation time of species i. For example, the attach-
ment time b2 for species 2 is not equivalent to the true
species origin time shown in A, instead it is the origin
time of its nonsampled ancestor, species 3. b5 = x0 is the ori-
gin time. In total we sample k = 5 occurrences and n = 4
ranges, with l = 2 extant and m = 2 extinct ranges. The
dashed line highlights the number of possible attachment
points (black circles) used to calculate γi, which accounts
for each possible topology, given the value of bi. γi is equiva-
lent to the number of lineages that coexist with species i at
time bi. The exception is the oldest species, where bi repre-
sents the origin and γi is always one. The number of possible
attachment points for each species is γ1 = 2, γ2 = 2, γ4 = 1,
and γ5 = 1.
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To calculate the probability of observing a set
of stratigraphic ranges, given the FBD para-
meters λ, μ, and ψ, we need to know the interval
between the branching time bi and the first
appearance oi, as well as the interval between
oi and extinction time di. Note that the interval
between bi and oi is equivalent to a ghost lin-
eage (Norell et al. 1992). The interval between
oi and di is referred to as the “extended sampled
stratigraphic range.” An example of the
extended sampled stratigraphic ranges is
shown in Figure 1B. Note that in the extended
sampled stratigraphic ranges, the time at
which species i attaches to the tree at time bi
may not correspond to the true speciation (ori-
gination) time of i in the complete tree, if spe-
cies sampling is incomplete. Following Stadler
et al. (2018), we refer to the branching time bi
as the “attachment time.”
In reality, we typically only have information
about oi and yi and do not know the underlying
topology or the true branching times bi and
extinction times di. To account for uncertainty
in the underlying topology, we need to define
γi as the total number of coexisting lineages at
time bi, which represents all possible points at
which species i can attach to the tree (see
Fig. 1B). This value allows us to analytically inte-
grate over all possible tree topologies (see Stadler
et al. 2018). To account for uncertainty in the
times, we can augment our data such that bi >
oi and di < yi and marginalize over all possible
speciation and extinction times (bi, di) usingMar-
kov chain Monte Carlo (MCMC). Summarizing
D = (k, l, {bi, di, oi}, i = 1, . . . , n), the prob-
ability of the augmented extended sampled
stratigraphic ranges, as derived in Stadler et al.
(2018), is





























(l− m− c)2 + 4lc
√∣∣∣∣
∣∣∣∣,
c2 = − l− m− 2lr− cc1 .
(5)
Because the FBD model incorporates the
fossil- and extant species-sampling processes
explicitly, all observed occurrences, including
all extant samples, contribute to the likelihood
calculation and may be included in the
analysis.
The Birth–Death Sampling Process Assuming
Complete Species Sampling.—To examine the
impact of incomplete species sampling we
compared our approach with a birth–death
model based on Keiding (1975),
f [D|l, m, c] = lBmDcke−(l+m+c)S, (6)
where B is the total number of speciation (birth)
events, D is the total number of extinction
(death) events, and S is the sum of species dura-
tions S = ∑n
i=1 bi − di (Foote and Miller 2007).
We refer to this as the BD model. This model
allows for the inclusion of all observed fossil
samples but assumes that each species was
sampled at least once. However, the inclusion
of extant singletons will lead to biased esti-
mates, as modeling incomplete species sam-
pling through time is required to account for
the increase in diversity at the present if all
extant samples are included. Thus, extant sin-
gletons should be excluded from the analysis.
Like the FBD range model defined earlier, the
BD model also assumes a constant rate of fossil
sampling. The BDmodel described here is simi-
lar to the birth–death model implemented in
the program PyRate (Silvestro et al. 2014a),
with the only difference being the PyRate BD
model allows for rate variation across lineages.
Per-Taxon Rates and the Boundary-Crosser
Method.—Traditional, summary statistics-
based approaches used in paleontology to
RACHEL C. M. WARNOCK ET AL.4
https://www.cambridge.org/core/terms. https://doi.org/10.1017/pab.2020.12
Downloaded from https://www.cambridge.org/core. IP address: 174.243.64.26, on 25 Mar 2020 at 21:04:14, subject to the Cambridge Core terms of use, available at
estimate speciation and extinction rates are
broadly based on quantifying the proportion
of first and last appearances sampled during
discrete geologic intervals. Following (Foote
2000), fossils sampled during a given interval
ti may be categorized as:
1. singletons: taxa confined to the interval, that
is, taxa whose first and last appearance are
both within the interval ti (FL) (regardless
of the number of occurrences found within
that interval);
2. bottom boundary crossers: taxa that cross
the bottom boundary, that is, the boundary
older than interval ti, and make their last
appearance during the interval (bL);
3. top boundary crossers: taxa that make their
first appearance during the interval and
cross the top boundary, that is, the boundary
more recent than interval ti (Ft); and
4. range-through taxa: taxa that range through
the entire interval, crossing both the top and
bottom boundaries (bt).
Examples of each category are shown in
Figure 2. The first three categories represent spe-
cies that must be sampled within interval ti,
while the fourth category (bt) can include taxa
that are sampled before and after the interval,
but not necessarily within the interval.
The most straightforward approach to esti-
mating speciation and extinction rates for a
given interval using this information is to use
the proportion of first and last appearances
observed during the that interval,













whereN denotes the number of representatives
for a given category andNtot = NFL + NbL +NFt
+Nbt and Δti is interval length. This equation
relies on Δti being a very short time interval
(i.e., the probability of a single species speciat-
ing twice within this interval is negligible).
Then, for the speciation process, the probability
that a species does not speciate within time
interval Δti is λΔti, which can be estimated by
NFL+NFt
Ntot
. This approach is taken from Foote
(2000: eqs. 12 and 13) and is an extension of the-
ory presented by Raup (1985). Estimates are
defined as “per-taxon origination or extinction
rates”; we refer to this as the “per-taxon rates
method.” This approach makes no attempts to
mitigate the effects of incomplete sampling
and allows for the inclusion of all fossil occur-
rences, including singletons. However, because
rates are calculated for intervals before the pre-
sent, extant singletons do not contribute to the
estimation of rates (this also applies to the
boundary-crosser and three-timer methods
described below).
More commonly applied methods in paleon-
tology use strategies to eliminate or minimize
biases created by incomplete sampling. The
boundary-crosser method (Foote 2000: eqs. 22
and 23) uses the above categories but does not
consider singletons (category 1) in the estima-
tion of speciation and extinction rates,













The derivation of these equations is straight-
forward. For example, in the case of the speci-
ation process, the probability that a species
does not speciate within time interval Dti is
e−lDti , which can be estimated by NbtNFt+Nbt. This
approach can only include taxa that have been
sampled during more than one interval and
thus incorporates fewer data overall.
The Three-Timer Method.—The three-timer
method goes further in an effort to account
for incomplete sampling by defining an alter-
native set of categories and applying a sam-
pling correction (Alroy 2008; Alroy et al.
2008). The three-timer categories are defined as:
1. two-timers: taxa sampled immediately
before andwithin a bin (2ti) or taxa sampled
within and immediately after (2ti+1);
2. three-timers: taxa sampled immediately
before, within, and after a bin (3ti); and
3. part-timers: taxa sampled immediately
before and after but not within the bin
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( pti), implying at least one unsampled
lineage.
Notation and definitions follow Alroy (2008,
2010), and examples are shown in Figure 2. The
part-timer sampling probability is defined as,
PS = N3tN3t +Npt , (9)
where N3t and Npt may be summed across the
entire dataset. The three-timer speciation and
extinction rates are defined as

















To obtain tree-wide estimates of λ and μ
using all three paleontological methods, we
summed the number of samples that belong
to each taxon category across all intervals,
rather than averaging rates calculated
separately for each interval. This relies on the
assumption that all time intervals (i.e., Δt) are
of equal length, which we control for in our
simulation design. This choice works in favor
of these methods, as it increases the potential
information used to calculate rates: some inter-
vals may contain sampled species but do not
have sufficient information to recover rate esti-
mates (e.g., an interval may contain boundary
crossers but no range-through taxa, or two-
timers but no three-timers). We cannot estimate
rates for such intervals, but we can use the
sampled species in the summation used to cal-
culate tree-wide rates. Note that the sampling
parameter PS used by the three-timer method
accounts for incomplete sampling in the pre-
ceding (i.e., older) interval in the case of speci-
ation and in the following interval (i.e.,
younger) in the case of extinction. Because PS
does not apply to extant species sampling, the
interval before the present is excluded from
tree-wide estimates of extinction rates using
this method.
Note that in contrast to the phylogenetic
model–based approaches, these three
FIGURE 2. Boundary-crosser versus three-timer taxon categories illustrated for a given interval ti. Boundary-crosser cat-
egories: Ft taxafirst appear and bL taxa last appearwithin the interval going forward in time,while the first and last appear-
ance of FL taxa is confined to the same interval and bt taxa appear before and after the interval. The boundary-crosser
method uses the bL, Ft, and bt taxa only in the estimation of λ and μ. Three-timer categories: two-timers are sampled imme-
diately before andwithin bin ti (2ti) or within and immediately after ti (2ti+1). Three-timers are sampled immediately before,
within, and after ti (3t), and part-timers are sampled immediately before and after but not within ti ( pt) (note all three-
timers are also two-timers). Singletons (i.e., taxa sampled from a single interval or FL taxa) are excluded before analysis.
Image adapted from Alroy (2010, 2014).
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paleontological methods do not require infor-
mation about the total number of sampled fos-
sil occurrences (i.e., parameter k). Instead, these
methods only require information about
whether a given taxon was present or absent
during each interval. We used simulated data
to assess and compare the performance of alter-
native approaches to estimating tree-wide spe-
ciation and extinction rates.
Simulations
Trees.—Trees were simulated under a
constant-rate birth–death process conditioned
on the number of extant species using the R
package TreeSim (Stadler 2011). We simulated
three sets of trees (each 100 replicates) condi-
tioning on extant tips n = 100 with three differ-
ent levels of turnover (r = μ/λ)—low (r = 0.1),
medium (r = 0.5), and high (r = 0.9)—and λ = 1
for all three r. Thus, the sets of simulations
were parameterized such that μ = 0.1, 0.5, and
0.9, respectively. The simulated origin time of
trees ranged from 3.6 to 9.1, 5.2 to 13.7, and
3.1 to 56.2, for low,medium, and high turnover,
respectively. We assumed that all speciation
events occurred via budding (Wagner and
Erwin 1995), such that the speciation and
extinction rates obtained from stratigraphic
ranges will correspond to λ and μ (Silvestro
et al. 2018).
Extant Species Sampling.—The FBD model
incorporates extant species sampling as a dis-
tinct process, enabling us to include all species
sampled at the present, including extant single-
tons. Because we aim to infer diversification
rates and not topology, we can include all
extant samples irrespective of available phylo-
genetic data and fix the probability of extant
species sampling ρ = 1. To explore the impact
of including extant singletons on FBD param-
eter estimates, we generated two datasets for
each replicate, one including all extant samples
(ρ = 1) and one excluding extant singletons
(ρ = 0). In the latter case, extant samples are
still included for species that have a sampled
fossil record. Datasets with ρ = 0 only were
used for analysis under the BD model, because
this model does not allow for the inclusion of
extant singletons. For paleontological methods,
extant singletons do not contribute any
information, but extant species with a fossil
record can be used to categorize taxa that
range through to the present. We assumed
complete knowledge of extant diversity was
available to maximize the amount of informa-
tion used to calculate rates using these
methods.
Fossil Sampling.—Fossils were simulated
under a uniform sampling process using the
R package FossilSim (Barido-Sottani et al.
2019). For each tree, a single fossil record was
generated, and the time period between the ori-
gin x0 and the present (t = 0) was divided into
20 equal stratigraphic intervals. We specified
a per-interval sampling probability PS, which
was then transformed into a Poisson sampling
rate ψ used for the simulation. Specifying PS
was done to keep the number of intervals con-
stant across simulated replicates and to facili-
tate comparison with approaches that use
sampled-in-bin data. The probability of collect-
ing a lineage during each interval was set equal
to the uniform sampling probability PS = 0.1,
0.5, and 0.99. In order to simulate fossils, we
transform PS to a sampling rate ψ using
c = −ln(1−PS)Dt , where Δt is interval length. This
transformation was obtained because e−ψΔt
and 1− PS both equal the probability of no sam-
ple being observed within an interval. Across
all tree replicates this approach generated fos-
sils with an average value of ψ = 0.2, 1.6, and
10.6. The simulated fossil data were used to
generate stratigraphic ranges for analysis
using different methods. The total number of
fossils recovered for the entire tree was used
to specify the BD and FBD model parameter k.
In some empirical cases we may not know
the total number of times a species is repre-
sented for a particular interval, site, or collec-
tion. Instead, we may only know that a given
species was sampled during that interval but
not the total number of times it was collected.
This is the information used by the per-taxon
rates and boundary-crosser and three-timer
methods. We thus generated fossil datasets
to reflect this scenario for analysis under the
FBD and BD models. In these datasets, it is
only known whether a species was sampled
during a given interval but not how many
times. We refer to this as sampled-in-bin
(1/0) data sampling. The total number of
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presences recorded for the entire tree was
used to specify the FBD model parameter k.
We note that as sampling increases, the speci-
fied value of k for a given sampling probabil-
ity will tend to be lower than the actual
number of fossils sampled for a given
sampling probability.
The FBD model presented in this study
assumes constant fossil recovery over time. To
investigate the impact of violating this assump-
tion, we generated simulated fossil records
under two simplemodels of nonuniformpreser-
vation: one in which per-interval probability
increases linearly toward the present from 0.01
to 0.99, and one in which per-interval probabil-
ity decreases linearly toward the present from
0.99 to 0.01.Wedid this for treeswith intermedi-
ate turnover and simulated a single record
under each nonuniformmodel for each tree rep-
licate. We analyzed these datasets using all five
methods for estimating speciation and extinc-
tion rates.
Fossil Ages.—Under the Poisson sampling
scenario described earlier, in all cases we
assumed that the age of a fossil was known pre-
cisely. Under the sampled-in-bin strategy, fossil
ages were assigned using the midpoint of the
stratigraphic interval in which they were
sampled. We note this approach can lead to
fossil-sampling times that conflict with the
true species durations (e.g., oi > bi or yi < di).
Finally, we simulated datasets for a subset
of trees to assess the impact of underestimat-
ing the total number of occurrences (i.e., par-
ameter k) and not the combined impact of
misspecifying occurrence number and having
fossil ages that conflict with species durations.
If a given fossil sample represented a species
that was only extant for a proportion of a
given interval, the fossil age was assigned
using the midpoint between when the species
first and last appeared within the interval. If
speciation occurs within the interval, the
beginning of this age range will be younger
than the start of the interval. Similarly, if
extinction occurs within the interval, the end
of this age range will be older than the end
of the interval. This ensured that we obtained
datasets with bi > oi and yi > di. We did this for
trees with intermediate turnover and simu-
lated a single record for each tree replicate.
Analysis of Simulated Data
Method Implementation.—Given the strati-
graphic range data, meaning oi and yi for each
of the n sampled species, together with the
total number of samples k, we estimated bi and
di times, the FBD model parameters θ = (λ, μ,
ψ, x0) and the BD model parameters θ = (λ, μ,
ψ) in a Bayesian framework using MCMC sam-
pling to infer the joint posterior distribution
P[u|D] = P[D|u]P[u]
P[D] .
Both the FBD and BD models were implemen-
ted in the phylogenetic software program
DPPDiv (https://github.com/trayc7/DPPDiv;
Heath 2012; Heath et al. 2012, 2014).
We specified exponential priors ofmean 1.0 on
the model parameters λ, μ, and ψ. The probabil-
ity of extant species sampling ρ was fixed to the
its true value, either 1 or 0 depending on the ana-
lysis. For analysis under the FBD model a uni-
form(0, 1000) prior was applied to the origin
time. The MCMC sampler was run for 100,000
generations, sampling every 10 steps and dis-
carding 10% as burn-in. Convergence was
assessed initially for a small number of replicates
using the program Tracer, examining trace plots
and ensuring effective sample size (ESS) values
>>200 for all parameters for all parameter combi-
nations. For subsequent runs, convergence was
monitored for parameters of interest (speciation,
extinction and sampling rates) across all repli-
cates and analyses using custom scripts (avail-
ability is given below). The per-taxon rates and
boundary-crosser and three-timer methods
were implemented in the R package fbdR
(https://github.com/rachelwarnock/fbdR). For
a given replicate, taxon categories were calcu-
lated for each interval using the boundary-
crosser or three-timer categories, excluding the
first interval for whichwe cannot assign categor-
ies. Tree-wide speciation and extinction rates
were estimated using the total number of each
category across all intervals,meaningwe assume
the same rates across all intervals. A summary of
the analyses applied to each simulated replicate
is presented in Table 1.
PerformanceMeasures.—We focus on the abil-
ity of alternative methods to estimate speci-
ation, extinction, and sampling rates from
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stratigraphic ranges. Bayesian approaches to
estimating parameters were assessed using per-
centage error of the median, average width of
the 95% credible intervals, and coverage (the
proportion of replicates for which the true par-
ameter values falls within the 95% credible
intervals). For non-Bayesian approaches, we
used the percentage error of point estimates
and constructed 95% confidence intervals to
approximate the variance using the point esti-
mates obtained across all simulated replicates.
Precision was measured using the width of
the 95% confidence interval. From these inter-
vals we cannot estimate coverage, but we can
compute consistency for each set of simulation
conditions. The method is consistent (= 1) if the
true parameter value falls within the confi-
dence interval or otherwise not (= 0). Because
different approaches utilize variable amounts
of available data (e.g., some methods exclude
singletons), we also quantified the average pro-
portion of species, relative to the total sampled
species number per replicate that directly con-
tribute to the estimation of speciation and
extinction rates under different simulation
schemes.
Data Availability.—All code necessary to
reproduce the results and figures, along with
all input files for analysis using DPPDiv, is
available on Dryad (https://doi.org/10.5061/
dryad.34tmpg4g9).
Results
The FBD Model Performs Well under a Wide
Range of Conditions.—Figure 3 shows the cover-
age obtained for speciation (λ), extinction (μ),
and sampling (ψ) for different turnover and
sampling scenarios using the FBD model,
assuming the total number of fossil samples is
known. The results obtained excluding and
including extant singletons are also presented
in Supplementary Tables S1 and S2, respect-
ively. Across all scenarios coverage was≥ 0.91
for λ and μ. Increased fossil sampling led to
higher precision and decreased percentage
error for both λ and μ. Including extant single-
tons had the largest impact when turnover
was high (r = 0.9); in particular, the inclusion
of extant singletons improved estimates of PS
across all metrics (e.g., percentage error = 21%
vs. 55%).
Assuming Complete Species Sampling Leads to
Biased Parameter Estimates.—Figure 4 shows
the coverage obtained using the BD model,
which assumes all species are sampled at least
once, under the same simulation conditions
applied in the previous section (i.e., the total
number of samples is known). Further details
are also presented in Supplementary Table S3.
Overall, coverage was lower and percentage
error was higher than the values obtained
using the FBD model for the equivalent turn-
over and sampling scenarios. The worst results
were obtained at both lower levels of sampling
(PS = 0.1 or PS = 0.5), in particular when
coupled with high turnover (r = 0.9)—higher
turnover results in species with shorter dura-
tions and increases the probability that a
given species will not be sampled. Thus, as
expected, the BD model performs worst when
its assumption of complete species sampling
is strongly violated. In particular, the BD
model leads to erroneous estimates of the
TABLE 1. Overview of data used by different methods for each simulation condition. When the total number occurrences
or fossil samples is not used, this refers to scenarios in which only sampled-in-bin data are available. BD, birth–death; FBD,
fossilized birth–death.
Data
Method Fossil singletons Extant singletons Total occurrence number
1 FBD model (ρ = 0) Yes No Yes
2 FBD model (ρ = 1) Yes Yes Yes
3 FBD model (ρ = 0) Yes No No
4 FBD model (ρ = 1) Yes Yes No
5 BD model Yes No Yes
6 BD model Yes No No
7 Per-taxon rates method Yes No No
8 Boundary-crosser method No No No
9 Three-timer method No No No
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FIGURE 3. Performance of the fossilized birth–death (FBD) model obtained for different turnover and sampling scenarios
assuming the number of fossil samples is known. In this set of experiments, the model used for simulation and inference is
the same. Results are shown for analyses excluding (ρ = 0) and including (ρ = 1) extant singletons. Rows show results
obtained for speciation (λ), extinction (μ), and sampling (PS). Columns show results obtained at different sampling levels
(per-interval sampling probabilityPS = 0.1, 0.5, or 0.99). In each box, the x-axis represents turnover and the y-axis represents
coverage (the proportion simulation replicates out of 100 that contain the true value). The dashed line highlights the 0.95
coverage level.
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FIGURE 4. Performance of the birth–death (BD) model obtained for different turnover and sampling scenarios assuming
the number of fossil samples is known. This model assumes that each species has been sampled at least once. Analysis
using this model always excludes extant singletons (ϱ = 0). Rows show results obtained for speciation (λ), extinction (μ),
and sampling (PS). Columns show results obtained at different sampling levels (per-interval sampling probability PS =
0.1, 0.5, or 0.99). In each box, the x-axis represents turnover and the y-axis represents coverage (the proportion simulation
replicates out of 100 that contain the true value). The dashed line highlights the 0.95 coverage level.
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sampling parameter when sampling is low (PS
= 0.1, percentage error ≫100). As fossil sam-
pling increased, estimates of λ, μ, and PS overall
improved, in terms of percentage error, for all
turnover scenarios (Supplementary Table S3).
Performance of the FBD Model Decreases when
the Fossil-Sampling Process Assumptions Are Vio-
lated.—Figure 5 shows the coverage obtained
for λ, μ, and PS, using the FBDmodel, assuming
we have sampled-in-bin data but the total num-
ber of fossil samples in not known (i.e., we only
know whether a given species was sampled
during each interval but not how many
times), which violates the model assumptions.
The results obtained excluding and including
extant singletons are also presented in Supple-
mentary Tables S4 and S5, respectively. These
scenarios led to poorer performance of the
FBD model in terms of coverage and percent-
age error, as expected. In particular, PS was
underestimated and became worse with
increased fossil sampling. This is because the
number of observations used to inform the
model parameter k increasingly deviates from
the true number of samples collected. For inter-
mediate and high sampling (PS = 0.5 or 0.99)
coverage was zero for this parameter. This led
λ and μ to be underestimated, and the worst
results were obtained when turnover was also
high (r = 0.9, percentage error of around 20%
for λ and μ; Supplementary Table S4). Similar
results were obtained using simulated datasets
in which we ensured there was no conflict
between the fossil ages and true species dura-
tions, demonstrating that these patterns are
largely driven by misspecification of occur-
rence number (Supplementary Table S6). Simi-
lar effects are also observed for the BD model
(i.e., performance decreasedwith increased fos-
sil sampling given sampled-in-bin data; Sup-
plementary Table S7, Supplementary Fig. S1).
Figure 6 shows the coverage obtained for λ
and μ under medium turnover and two non-
uniform sampling scenarios, in which sam-
pling either increased or decreased toward the
present. The results obtained excluding and
including extant singletons are also presented
in Supplementary Tables S8 and S9, respect-
ively. Violating the assumption of constant fos-
sil recovery led to overall poorer performance
of the FBD model, as expected, although
including extant singletons had a positive
impact on the results under these simulation
conditions. Nonuniform fossil recovery also
led to poorer performance of the BD model
(Supplementary Table S10, Supplementary
Fig. S2).
The FBDModel PerformsWell in Comparison to
Alternative Approaches, Even When the Model Is
Violated.—Figure 7 shows the percentage error
obtained for λ and μ using five alternative
methods across different turnover and sam-
pling scenarios, assuming the total number of
fossil and extant samples is known. Results
obtained using the per-taxon rates and
boundary-crosser and three-timer methods
are also presented in Supplementary Tables
S11–S13. Overall, with regard to percentage
error, the FBD model is the best model for
medium and high turnover, while the BD
model (with the FBD model producing similar
results) is the best model under low turnover.
The per-taxon rates method, which takes no
steps to account for incomplete sampling, is
the worst method when sampling proportion
is high. This is in contrast to the boundary-
crosser and three-timer methods, which pro-
duced the highest errors at the lowest levels of
sampling, meaning the performance of these
methods improves with the addition of more
data. The difference in performance observed
for high turnover between these methods and
the FBD model is linked to the proportion of
singleton taxa associated with these datasets.
At high turnover, taxa tend to have shorter
durations, and an effect of our simulation
design (keeping interval number constant
across trees) is that these datasets also have
longer on-average time bins, resulting in data-
sets with a larger proportion of singletons.
Because singletons are excluded by the
boundary-crosser and three-timer methods,
this reduces the information available to esti-
mate rates using these methods.
At the lowest sampling level (PS = 0.1), the
results of the per-taxon ratesmethodwere simi-
lar to those obtained using the FBD model in
terms of percentage error and precision (Sup-
plementary Tables S1, S11). The boundary-
crosser method produced similar results to
the FBDmodel at the highest levels of sampling
in terms of percentage error and precision, but
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FIGURE 5. Performance of the fossilized birth–death (FBD) model obtained for different turnover and sampling scenarios
assuming only sampled-in-bin data are available. In this set of experiments, we use sampled-in-bin data, which is a viola-
tion of the model used during inference. Results are shown for analyses excluding (ρ = 0) and including (ρ = 1) extant sin-
gletons. Rows show results obtained for speciation (λ), extinction (μ), and sampling (PS). Columns show results obtained at
different sampling levels (per-interval sampling probability PS = 0.1, 0.5, or 0.99). In each box, the x-axis represents turn-
over and the y-axis represents coverage (the proportion simulation replicates out of 100 that contain the true value). The
dashed line highlights the 0.95 coverage level.
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differences were observed at the lowest
sampling levels. The three-timer method also
produced similar results to the FBD and
boundary-crosser methods at the highest
sampling level (PS = 0.99; Supplementary
Table S13). When turnover was high (r = 0.9)
and sampling was low (PS = 0.1), the BD
model produced the worst estimates (Fig. 7).
FIGURE 6. Performance of the fossilized birth–death (FBD)model obtained under nonuniform fossil recovery assuming the
number of fossil samples is known. In this set of experiments, the model used for simulation violates the model used for
inference. Results are shown for analyses excluding (ρ = 0) and including (ρ = 1) extant singletons. Rows show results
obtained for speciation (λ) and extinction (μ). Columns show results obtained under different nonuniform sampling scen-
arios, where sampling increases (0.01 → 0.99) or decreases (0.99 → 0.01) linearly toward the present. In each box, the x-axis
represents turnover and the y-axis represents coverage (the proportion simulation replicates out of 100 that contain the true
value). The dashed line highlights the 0.95 coverage level.
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FIGURE 7. Comparison between different approaches to estimating speciation (λ) and extinction (μ) rates assuming the
number of fossil samples is known. Results are shown for low (A, r = 0.1),medium (B, r = 0.5), and high (C, r = 0.9) turnover.
Each column shows results obtained at different sampling probabilities (per-interval sampling probability PS = 0.1, 0.5, or
0.99). For each box, the y-axis represents the percentage error of themedian estimate (birth–death [BD] and fossilized birth–
death [FBD] approaches) or the point estimate (all other approaches) averaged across 100 simulation replicates. The best
(lowest) and worst (highest) percentage error are highlighted for each turnover and sampling scenario. Analysis using
the FBDmodel includes extant singletons (ρ = 1). Results obtained excluding extant singletons are shown in Supplementary
Fig. S3.
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In contrast to the phylogenetic models, the
paleontological methods considered here (the
per-taxon rates and boundary-crosser and
three-timer methods) use only sampled-in-bin
data. Figure 8 shows the percentage error
obtained for λ and μ assuming sampled-in-bin
data only also for the FBD and BD methods
(i.e., we violate the assumptions made about
the fossil-sampling process by these models).
These results show that even when the FBD
model is violated, it still recovered parameter
estimates that are closer to their true values
than alternative methods when turnover and/
or sampling is low. As sampling and turnover
increases, the boundary-crosser method overall
recovers the best estimates given sampled-in-bin
data. Similar results are obtained when knowl-
edge of extant diversity is not known (see
Supplementary Figs. S3, S4) or when the
assumption of uniform fossil recovery is vio-
lated (see Supplementary Fig. S5, Supplemen-
tary Tables S14–S16).
The FBD Model Uses a Higher Proportion of
Sampled Species in the Estimation of Rates Than
AlternativeMethods.—Figure 9 and Supplemen-
tary Table S17 present the proportion of the
total number of sampled species that are dir-
ectly included in the estimation of speciation
and extinction rates using different methods.
As sampling increases, the proportion of
sampled species included in the estimation of
rates increases for all methods, but some meth-
ods always excluded more sampled species.
Overall, the FBD model including extant sin-
gletons always used the largest proportion of
sampled species, followed by the FBD and
BD models excluding extant singletons and
the per-taxon rates method. Fewer sampled
species were used by the boundary-crosser
method, and the least were used by the three-
timer method. These two latter methods also
showed high percentage errors under low-
medium turnover (see Figs. 6, 7). However,
more data do not necessarily mean higher
accuracy, for example, if there are underlying
model violations. For example, the per-taxon
rates method includes singletons in the estima-
tion of rates at the expense of accuracy, leading
to poor performance at higher sampling prob-
abilities compared with other approaches (see
Figs. 6, 7).
Discussion
We scrutinized the performance of a new
model—the FBD range process (Stadler et al.
2018)—for recovering tree-wide estimates of
speciation and extinction rates from strati-
graphic ranges using simulated data and com-
pared it with alternative approaches. Our
results demonstrate the advantages and import-
ance of explicitly modeling incomplete fossil
and species sampling. Additionally, our simula-
tions highlight critical areas for further model
development.
Recent simulation studies have demonstrated
that estimates of diversification metrics become
challenging at low levels of fossil recovery (Soul
and Friedman 2017; Smiley 2018). The sampling
levels explored in our simulations reflect a
broad range of scenarios. The lowest level (PS
= 0.1, E[ψ] = 0.2) may correspond to the scenario
among some poorly sampled terrestrial groups
(Wagner and Marcot 2013), while the highest
level (PS = 0.99, E[ψ] = 10) may correspond to
the scenario among some marine invertebrate
groups densely sampled from a single locality
(Bapst and Hopkins 2017).
The FBD model has a clear advantage when
sampling is low, which will be the case for
many groups of interest (Foote and Sepkoski
1999). In this case, the model’s ability to take
into account incomplete species sampling and
use all available data, meaning all extinct and
extant singletons, is particularly advantageous.
While the phylogenetic BD model, which is
equivalent to the birth–death process assumed
by the program PyRate, can also include all
extinct singletons, it assumes complete species
sampling, leading to high errors at low sam-
pling proportions and high turnover. We note
that based on our paper, PyRate has been
extended to include an implementation of the
FBD process presented here (PyRate commit
b171ee1; Silvestro et al. 2014a). Analysis
under the FBD process is the only available
approach that can take advantage of extant sin-
gletons and may be valuable for clades in
which extant diversity is high relative to the
number of sampled fossils, such as insects
(Labandeira 2005).
Perhaps surprisingly, the per-taxon rates
method—the only method we examined that
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FIGURE 8. Comparison between different approaches to estimating speciation (λ) and extinction (μ) rates assuming only
sampled-in-bin data are available. Results are shown for low (A, r = 0.1), medium (B, r = 0.5), and high (C, r = 0.9) turnover.
Each column shows results obtained at different levels (per-interval sampling probability PS = 0.1, 0.5, or 0.99). For each
box, the y-axis represents the percentage error of the median estimate (birth–death [BD] and fossilized birth–death
[FBD] approaches) or the point estimate (all other approaches) averaged across 100 simulation replicates. The best (lowest)
and worst (highest) percentage error are highlighted for each turnover and sampling scenario. Analysis using the FBD
model includes extant singletons (ρ = 1). Results obtained excluding extant singletons are shown in Supplementary Fig. S4.
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does nothing tomitigate the potential impact of
incomplete sampling—does well across a wide
range of scenarios. However, this method is
statistically inconsistent, as its performance
decreases with increased sampling. Although
all othermethods converge on similar estimates
of speciation and extinction as fossil sampling
increases, the FBDmodel (assuming the under-
lying sampling process is correct) still often out-
performs alternative methods in terms of
percentage error and precision (Fig. 7). In add-
ition, the BD and FBD approaches are probabil-
istic models that have been implemented
within a Bayesian framework. This has the
advantage of producing interpretable mea-
sures of uncertainty (the Bayesian credible
interval) that reflect underlying statistical
uncertainty in parameter estimates.
We also present scenarios in which the per-
formance of the phylogenetic approaches is
expected to decrease, namely, when the Pois-
son sampling process assumed by the model
is violated. In particular, we show that having
sampled-in-bin data rather than information
about the total number of occurrences (i.e., we
know whether each taxon was sampled or not
during each interval but not how many times)
has a detrimental impact on the performance
of the BD and FBD models, especially when
sampling is high (Fig. 8). In theory it is possible
to marginalize over the number of fossils
within a given stratigraphic range or strati-
graphic interval (Stadler et al. 2018), which
would be useful in accounting for uncertainty
in both per-interval specimen number and fos-
sil ages. Further work is required to ascertain
the performance of these model variations
and their impact on estimates of speciation,
extinction, and sampling. Nonuniform sam-
pling and temporal variation in diversification
are also important factors worth consideration.
In particular, temporal variation in fossil recov-
ery is a predominant feature of the paleonto-
logical record, and we show that performance
FIGURE 9. Comparison between the proportion of sampled taxa incorporated into rate estimation using different methods.
BD, birth–death; FBD, fossilized birth–death. Relts are shown for low (A, r = 0.1), medium (B, r = 0.5), and high (C, r = 0.9)
turnover. Each column shows results obtained at different sampling probabilities (per-interval sampling probability PS =
0.1, 0.5, or 0.99). For each box, the y-axis represents the proportion of the total number of species included in the analysis
averaged across 100 replicates. For the FBD analysis, results are shown for analyses excluding (ρ = 1) and including (ρ = 0)
extant singletons.
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of the FBD model decreases when we violate
this assumption. Accounting for temporal vari-
ation in sampling can be achieved using birth–
death skyline models (Stadler et al. 2013), and
previous applications of FBD skyline models
have been shown to recover reliable parameter
estimates when rates vary over time (Gav-
ryushkina et al. 2014; Zhang et al. 2015). Smiley
(2018) recently demonstrated that temporal
variation in sampling can lead to spurious esti-
mates of diversification patterns using trad-
itional paleontological methods, including the
boundary-crosser and three-timer methods.
Further, Silvestro et al. (2019) showed that a
phylogenetic approach that allows the timing
of diversification shifts to be coestimated
along with other model parameters can recover
more reliable estimates applied to these same
scenarios. We anticipate the application of the
FBD range model accounting for temporal
rate variation would lead to further benefits
when sampling is both low and nonuniform
and the goal is to recover per-interval rather
than tree-wide estimates of speciation and
extinction.
The methods we compared our approach
with are typically used to recover per-interval
estimates of speciation and extinction, rather
than tree-wide estimates. For example, the pro-
gram PyRate combines nonuniform fossil
recovery with the BD model, while we imple-
ment a version of this model that assumes con-
stant fossil recovery. Our analyses allowed us to
explore the impact of incomplete species sam-
pling without the confounding effects of tem-
poral rate variation. However, our finding
that incomplete species sampling decreases
the performance of this model will remain rele-
vant even under more complex sampling scen-
arios that incorporate rate heterogeneity.
Similarly, our finding that phylogenetic
model–based approaches can incorporate
more data than alternative methods will still
apply when we relax the assumption of con-
stant fossil recovery.
Nonuniform fossil recovery within lineages
will be less straightforward to incorporate
into the constant-rate FBD range model pre-
sented here. In this respect, a birth–death
model that assumes complete species sam-
pling has some advantages over the FBD
model. For example, the program PyRate
incorporates a sampling model that recognizes
species may be rare at the beginning and end of
species ranges and peak somewhere in the
middle, which has been demonstrated for
some empirical datasets (Liow and Stenseth
2007). Such nonuniform sampling models
require making the assumption that species
sampling is complete. In particular, thesemod-
els assume that the speciation times are known
(or can be estimated) for all species. Because
the attachment time of a given range (bi) (i.e.,
the branching time at which the species
attaches to other lineages in an incompletely
sampled FBD tree) is not necessarily equiva-
lent to the speciation time of species i (Fig. 1),
it will be challenging to incorporate this non-
uniform sampling process within an incom-
plete species-sampling framework. The BD
model implemented in PyRate may therefore
be more appropriate than the FBD model
when (approximately) complete species sam-
pling can be assumed. We note that when ana-
lyses under the BD and FBDmodels (assuming
a uniform sampling process) produce very dif-
ferent rate estimates, this is a potential indica-
tor that species sampling is incomplete.
The FBD range model presented here
assumes a budding speciation process.
Although there is increasing recognition that
alternative speciation modes (e.g., anagenesis
or bifurcating cladogenesis) play an important
role in diversification (Ezard et al. 2012; Bapst
2013; Silvestro et al. 2018), different modes can-
not easily be incorporated into this version of
the FBD model. This is because we do not sam-
ple the tree and instead use the number of coex-
isting lineages to integrate out analytically all
possible trees. This analytic integration assumes
budding speciation (Stadler et al. 2018). Pres-
ently, if stratigraphic range datasets include
taxa that evolved via anagenesis or bifurcation,
then estimated rates should be closer to the
rates predicted by the birth–death chronospecies
model (Silvestro et al. 2018). Further extensions
of the FBD range model that incorporate other
speciation modes and allow us to sample the
tree topology will make it possible to more dir-
ectly explore the relative contributions of differ-
ent speciation modes to evolution (Stadler et al.
2018).
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Conclusions
In this studywe focused ondemonstrating the
impact of incomplete fossil and species data on
speciation and extinction rates estimated from
stratigraphic ranges. We show that a process-
based approach to accommodating incomplete
sampling allows for the inclusion of more data
and leads to more robust inference. Further
work focusing on key aspects of paleontological
databases (e.g., sampled-in-bin data, temporal
variation in fossil recovery) will expand the
applicability of phylogenetic models to the
study of macroevolution.
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